The numerical prediction of droplet base radius and contact angle depends on the choice of characteristic radius and height of droplet. In this study, a developed model on the basis of lubrication approximation is used to investigate the effect of characteristic parameters on the spreading of droplets over substrates. Based on two main stages of spreading (initial and equilibrium), characteristic radius and height were first evaluated. The model predictions were then compared with experimental results in literature for both impermeable and permeable substrates. The study provides evidence that the choice of characteristic length scales based on either stage enables accurate prediction of the droplet base radius and contact angle. In addition, a new scaling relation for the predictions of the numerical disjoining pressure, with an error of ±5%, is proposed.
I. INTRODUCTION
Droplet spreading is ubiquitous in nature and has been exploited in many applications such as microfluidic devices, 1 printing processes, 2 spray cooling, 3 and tissue assays. 4 The spreading of a liquid on a substrate is dictated by physical parameters, 5-7 topography, [8] [9] [10] and chemical heterogeneities. [11] [12] [13] The spreading behaviour of a perfectly wetting liquid on a smooth, impermeable substrate is governed by Tanner's law that describes the time evolution of droplet radius (∼ time 1/10 ) and droplet height (∼ time −1/5 ).
14 Permeability of the substrate is another pertinent feature which affects the spreading of the droplet.
15,16
Permeation plays a significant role in the latter stages of spreading which is marked by retraction of the contact line and consequently, complete imbibition of the droplet volume.
The characteristics of a perfectly wetting liquid spreading on a dry, permeable substrate fall on two universal curves. 17 However, no such universal behavior has been observed for partially wetting liquids on permeable substrates.
Droplet spreading on a substrate is a classical example of a moving contact line problem. Numerical techniques have been found as a versatile tool to track the interface height in droplet spreading studies. Some of the most commonly used techniques include Molecular Dynamics simulation, [18] [19] [20] Lattice Boltzmann method, [21] [22] [23] and lubrication based approach. 5, [24] [25] [26] The scaling factors in the lubrication based approach are radius and height of the droplet. The tri-phase contact line is prone to shear-stress singularity due to the noslip condition which has been addressed through a number of approaches using lubrication approximation. The most common approach is to use a slip model between the liquid and the solid to relieve the stress singularity. Using this model results in a nonlinear equation which can be solved either asymptotically 24, [27] [28] [29] [30] or numerically. 5, 31 A constitutive relation describes the contact line velocity in terms of the apparent contact angle. Although slip model provides accurate results, its main shortcoming, however, lies in the accurate prediction of the proportionality constant and the spreading exponent in the constitutive relation since the spreading exponent varies for different liquid-substrate combinations.
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Another approach to remove the contact line singularity is precursor film assumption.
The contact line region is described by disjoining pressure which consists of attractive and repulsive components. 25, 26, 32 The precursor film or "primary film" was first observed for the water and acetic acid drops spreading on glass and steel substrates. 33 The thickness of the precursor film was estimated to be few hundreds angstrom using ellipsiometry and interferometry techniques, 34 scanning electron microscopy, 35 and polarised reflection microscopy.
36
The main challenge of this approach is the sensitivity of the equilibrium contact angle to the disjoining pressure parameter.
Identifying a proper characteristic radius and height is the first step towards development of a predictive model for droplet spreading over substrates. The characteristic values are typically selected at the onset of equilibrium from experimental data. 25 A possible explanation for selecting the equilibrium characteristic values might be related to the experimental measurement and easier evaluation of equilibrium values. However, these studies would have been more interesting if the sensitivity of the results to the selection of other characteristic values is included. For a partially wetting liquid, the equilibrium contact angle has a finite non-zero value and the equilibrium stage is interpreted to be controlled by disjoining pres-
) m is a combination of repulsive (first term) and attractive (second term) components acting when the droplet height is small and comparable to the precursor film thickness, b, (n, m) = (3, 2), and A is the disjoining pressure parameter. It has been shown that A is inversely proportional to the precursor film thickness. It also depends on the equilibrium contact angle and (n, m). 37 However, none of the proposed relations in the literature provide a viable A which leads to a better agreement between numerical prediction and experimentally measured contact angle.
The present paper is aimed at investigating the effect of characteristic length scales (radius and height) on the spreading of partially wetting droplet over both impermeable and permeable substrates. A mathematical model is used to describe the contact line region through precursor film assumption. 25 Using the no-slip condition at the substrate, a nonlinear partial differential equation is derived which describes the spatio-temporal evolution of droplet height based on lubrication approximation. A disjoining pressure model is employed to remove contact line singularity. 26, 32, 38 For imbibition, Poiseuille flow driven by excess liquid pressure is assumed in each unconnected vertical pore which essentially removes the need for thickness-dependent permeability. with the experimental data is presented. [40] [41] [42] In section IV, a new scaling to bridge the gap between the theoretical and model value of the disjoining pressure parameter is proposed for both impermeable and permeable substrates. All findings are summarised in section V.
II. MATHEMATICAL FORMULATION
An axi-symmetric liquid droplet is considered to spread on a smooth, horizontal substrate ( Fig. 1(a) ). The dynamics of droplet spreading depends on the nature of the substrate and is different for impermeable and permeable substrate, as illustrated in Fig. 1(b) and Fig. 1(c) .
The droplet is assumed to be an incompressible, Newtonian liquid with constant density ρ, dynamic viscosity, µ and surface tension, σ. Since the droplet is assumed to be axi-symmetric in nature, the governing equations are considered in cylindrical coordinates.
A. GOVERNING EQUATIONS
To describe the droplet spreading, pressure, p and velocity field, v = (u, w) is introduced where u and w denote the velocity in radial and vertical directions respectively. The continuity equation and Navier-Stokes equations are as follows:
where g is the acceleration of gravity. 'eq' denote the initial and equilibrium value of a quantity, respectively.
B. BOUNDARY CONDITIONS
At the liquid-gas interface, z = h(r, t), the kinematic condition is used to relate the velocity field to interface height.
The normal and tangential component of interfacial stress balance is as follows:
where T = µ(∇u + ∇u T ) is the viscous stress of the liquid,n andt are unit vector normal and tangential to the liquid-gas interface respectively which are defined as follows:
The curvature of the substrate is given by
A two term disjoining pressure, Π 38,43 which is used to relieve the stress singularity at the contact line is given by
where A ≥ 0 is the disjoining pressure parameter and exponents, (n, m) = (3, 2) are constant and b is the precursor film thickness. The value of A is related to the equilibrium contact angle, θ eq as follows:
At the liquid-substrate interface, z = 0, the imbibition condition is used:
where κ is the proportionality constant with units of length and depends on pore diameter, number of pores per unit area, and substrate thickness. 39 No-slip condition is as follows:
The following conditions are imposed for axi-symmetric spreading:
For droplet volume V 0 to be conserved, following equation is used:
where subscript 0 denotes the initial value of a quantity and πb is the correction factor for precursor film on a circular region with radius equal to the characteristic value.
C. SCALINGS
The governing equations and the corresponding boundary conditions are normalized using following factors:
where
is the characteristic spreading speed, p sc = hσ l 2 is the pressure scale, b = hb is the precursor film thickness, and = h l is the lubrication ratio. The effective permeability of the substrate is given by κ = dh 3 3l 2κ where d is the thickness of the substrate. The nondimensional quantities are denoted with tilde. The droplet is assumed to be thin, which means the ratio of characteristic height, h, to characteristic radius, l, is much less than unity ( 1) . Hence, the lubrication approximation is applied which reduces the governing equations and boundary conditions to:
r-momentum equation:
z-momentum equation:
where B = l 2 ρg σ is the Bond number.
The kinematic condition atz =h(r,t), is as follows:
The normal and tangential component of interfacial stress balance is written as follows:
Imbibition condition atz =b is as follows:
No-slip condition atz = 0 is as follows:ũ = 0 (21)
D. NUMERICAL SCHEME
The non-dimensional time-evolution equation for the droplet height is obtained by integrating eqns.(14-16) subject to the boundary conditions (17) (18) (19) (20) (21) :
The solution of eqn. (22) is subject to the following boundary conditions on the domain
The initial droplet profile is obtained in the form of a fourth-degree polynomial satisfying the above boundary conditions (23) and the volume constraint (12) . Computational domain length, L is considered to be 4 with 600-700 points per unit length. The spatial derivatives are discretised using second-order central finite difference scheme which converts the PDE into sets of differential algebraic equations (DAE). For the resulting system of DAEs, an adaptive time-step solver, DASSL, is used which is available in SLATEC library.
The apparent contact angle is calculated by finding maximum slope of the interface and multiplying by to convert into dimensional form. The radius is obtained by finding the distance between the z-axis and the intersection point of the apparent contact line with the r-axis.
E. NORMALISING FACTORS
In order to obtain eqn. (22), two normalising factors are used. The first one is based on the radius and height of the droplet at the onset of equilibrium and the second one is described
by those values at the initial stage. Based on this definition, the required parameters are calculated using both normalising factors as described below:
a. First normalising factor: Using equilibrium values (l eq ,h eq ) as normalising factors, the following input parameters are obtained: Normalised initial radius, r 0 = 
III. RESULTS AND DISCUSSION
For a small droplet, where the effect of gravity is negligible, the driving force for spreading is capillary pressure. The maximum extent of spreading is dictated by the dominant effect of disjoining pressure over capillary pressure in the later stages. For a smooth, impermeable substrate, a perfectly wetting Newtonian liquid obeys Tanner's law. 14 However, the maximum spreading radius will vary if the liquid partially wets the substrate. Under the combined effect of attractive and repulsive components of intermolecular forces in disjoining pressure, a liquid partially wets the substrate and thus, has a finite non-zero equilibrium contact angle. 44 For smooth permeable substrates, the spreading occurs at two stages: First, the inertial stage where lubrication ratio is much larger than unity. At this stage, the droplet spreads to a maximum radius and stops momentarily. Second, the equilibrium stage which is signified by a decrease in droplet volume due to the imbibition. As a result, the droplet radius decreases and the contact angle remains constant over a particular time before becoming zero. At the equilibrium stage, the lubrication ratio is much less than unity.
A 3-step procedure is followed in order to make comparison of model predictions with experimental data:
(i) A specific value of b which yieldsb through the scaling is used as a starting point.
(ii) Normalised initial radius (r 0 ) and height (h 0 ) are obtained using both normalising factors. These parameters along withb are utilised to obtain the initial droplet profile for are not provided since the behaviour was exactly the same). For each b, the numerical predictions coincided using both normalising factors.
The decrease in contact angle is sharper in numerical simulation compared to the ex- periments and equilibrium is reached earlier. The difference between numerically predicted results and experiments might be attributed to the substrate roughness. Since any substrate possesses inherent roughness (unless otherwise specified), one way to delay the onset of equilibrium is to take into account the effect of substrate roughness in the mathematical model. In the presence of roughness, the contact line is pinned and the apparent contact angle increases. 46 To incorporate roughness in the model, a shape function,z = γ(r) is introduced in this study. The governing equations remain unchanged in the presence of substrate roughness. However, the kinematic condition and the interfacial stress balance components are evaluated atz = γ(r) +h(r,t). The imbibition and no-slip conditions also occur atz = γ(r) +b and atz = γ(r) respectively. Based on these modifications, the droplet evolution equation takes the following form:
There are complicated forms of shape function, γ(r), in the literature that are able to imitate a real rough substrate very accurately. 47, 48 However, in this study, the most simplified form of this function, known as Gaussian model, 49 is utilised. The Gaussian model of roughness is represented by the following equation:
where r 1 , r 2 = O(b) and r loc represents the location of the defect.
For the present simulation, r 1 and r 2 are selected as 50b and 5b, respectively. To investigate the role of defects on contact line motion, three different configurations are selected, as shown in Fig. 3(a) . When the defect is placed very close to the initial shape (Defect (i)
in Fig. 3 ), the pinning phenomenon is observed which is represented by no change in radius over a certain time period. If the nature of the defect remains unchanged but is placed much farther from the initial shape (Defect (ii)), pinning persists for comparatively longer period.
This is attributed to non-uniform speed of droplet spreading. The characteristic speed of a spreading droplet is much higher at the initial stages and as time passes the spreading front slows down owing to substrate irregularities. Since the height of the droplet also decreases over time, the rate of conversion of the potential energy (owing to greater height in the initial stages) to kinetic energy diminishes which is manifested in the speed of the spreading front.
As a result, for a defect placed much farther on the path, the contact line has a tendency to stay pinned for a longer time and thus, the equilibrium is delayed. If there is another identical defect placed at a certain distance from the first defect (Defect (iii)), a staircaselike behaviour is observed marked by a delayed equilibrium. Our preliminary investigations showed that this staircase behaviour depends on the nature, density and spacing of defects.
The detailed study of staircase bahviour with the aim of acquiring more realistic replication of a rough substrate is the topic of our ongoing research.
In another study of impermeable substrate, the contact angle of di-n-butyl phthalate (DBP) spreading on poly(ethyleneterephthalate) (PET) is considered. 40 A similar procedure as the previous case is followed and a good agreement with the experimental data is achieved for b = 0.98 µm (Fig. 4) , 0.75 µm, and 0.5 µm. Comparing the model predicted results and experiments show that irrespective to the applied characteristic lengths (for radius and height) and precursor film, b, the equilibrium contact angle is mainly governed by the proper choice of A.
For a permeable substrate, model predictions and experimental measurements of water droplet spreading on a poly(butylene ter-ephthalate) (h-PBT-4) mat are compared in the absence of contact line pinning for b = 0.98 µm (Fig. 5) . In the experimental work, the onset of lubrication phase was reported as t = 0.117 s. The corresponding initial height (h in ) and radius (l in ) of the droplet were 0.79 mm and 2.81 mm, respectively. The equilibrium height (h eq ) and radius (l eq ) were reported to be 0.159 mm and 2.087 mm, respectively. The initial droplet profile is obtained based on these values. As can be observed in Fig. 5 , there is an overlap between numerical predictions using either normalising factor for constant (b, A, k).
In both cases, droplet radius increases at the initial stages followed by a retraction due to permeation which is similar to what is observed in experiments. Using other b values (b = 0.75 µm and 0.5 µm), the same results are obtained. This reinforces our hypothesis that using either normalising factors enables accurate prediction of the experimental values, for both permeable and non-permeable substrates.
The time lag between the numerical prediction and experimental values is primarily related to the starting point of simulation at t = 0.117 s as this marks the onset of lubrication.
A possible explanation might be the difference between experimental and numerical initial droplet profile to run the simulation.
To showcase another example of the spreading phenomena on a permeable substrate, the droplet radius and contact angle of silicone oil grade SO300 spreading on unidirectional mat (UDMAT) 41 are compared with the model predictions. The initial and equilibrium height and radius of the droplet were obtained at t = 0 and at the onset of equilibrium stage respectively. Using first normalising factor resulted in better agreement with experimental data for b = 0.98 µm (Fig. 6 ) and 0.75 µm. When compared to the second normalising factor, there is an offset in prediction which might be due to the droplet profile employed in this case for running simulation.
The significant difference between model prediction of the contact angle ( Fig. 6(b) ) for t < 2 s is attributed to large lubrication ratio ( 1) at the inertial stage. The second normalising factor hinges on inertial values which was not measured accurately. Even though dynamic radius and height measurements are exclusively reported, the literature did not provide any proper explanation for the calculation of the contact angle.
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IV. MODIFIED SCALING FOR BETTER PREDICTION OF EQUILIBRIUM CONTACT ANGLE
Theoretically, the disjoining pressure parameter, A th is related to the equilibrium contact angle, θ eq as follows:
To numerically model the spreading process, it is essential to start with an initial guess ofÃ. Since the equilibrium contact angle, θ eq , is known from the dynamic contact angle measurement, it is possible to have an estimate ofÃ (A = p scÃ ).
It is found that the suggested A (from eqn.26) cannot predict the equilibrium contact angle accurately. Hence, the following modification is proposed:
where n is the exponent to be ascertained for impermeable and permeable substrates.
The role of both normalising factors on the prediction of n for droplet spreading on impermeable and permeable substrate is presented next.
a. First normalising factor:
(i) Impermeable cases: The squalene droplet spreading on glass is considered as an impermeable case. Starting with the first normalising factor, n is varied from 0 to 1.15 until the ratio A m /A was close to 1, with an error of ±5%. According to Fig. 7(a) , choosing n = 1.12 resulted in a better starting guess ofÃ for a particular precursor film thickness.
Similarly, for DBP spreading on PET, n is changed from 0 to 1.3 ( Fig. 8(a) ). A choice of n = 1.24 has led to a better starting guess ofÃ for each value of precursor film thickness.
(ii) Permeable cases: For water droplet spreading on h-PBT-4 mat, n is obtained to be 0.95, 0.8, 0.7 for b = 0.98 µm, 0.75 µm, and 0.5 µm, respectively ( Fig. 9(a) ). Following the similar procedure for SO300 droplet spreading on UDMAT, the value of n is evaluated to be 0.65 with an error within ±5% for b = 0.98 µm and 0.75 µm (Fig. 10(a) ).
b. Second normalising factor:
(i) Impermeable cases: Figs. 7(b) and 8(b) show that, using second normalising factor the value of n are obtained to be 6.6 and 9.2 for squalene droplet spreading on glass and DBP spreading on PET, respectively. It is noteworthy that in both experiments, no effort was made to precisely track the onset of lubrication. This could be one plausible explanation for such a big variation in the value of n for these impermeable cases.
(ii) Permeable cases: For water droplet spreading on h-PBT-4 mat, the values of n = 1.9, 1.6, and 1.4 are obtained for b = 0.98 µm, 0.75 µm, and 0.5 µm, respectively ( Fig. 9(b) ).
The onset of lubrication was precisely tracked. The second normalising factor yields value of n = 8.5 for b = 0.98 and 0.75 µm for SO300 spreading on UDMAT.
In summary, first normalising factor yields n between 1.0-1.3 for impermeable and 0.5-1.0 for permeable substrates, thereby leading to a better starting guess forÃ. For second normalising factor, it is essential to precisely track the initial conditions. Only one experimental study on a permeable substrate meets this criterion. 42 Hence, in the absence of profound evidence, it is difficult to specify a range of n to be used for the second normalising factor. 
V. CONCLUSION
Ability of a mathematical model to accurately predict the droplet radius and apparent contact angle is governed by the choice of radius and height at the initial and equilibrium stages of spreading. Using four examples of droplet spreading over impermeable and permeable substrates, it is observed that choosing radius and height in either stage of the spreading process provides similar prediction of the experimentally obtained base radius and equilibrium contact angles. In addition, incorporating the substrate roughness into the model is found to bridge the gap between model predictions and experiments for initial stages of spreading. A modified scaling which relates the theoretical value of the disjoining pressure parameter to its numerical counterpart through the lubrication ratio is also proposed. The lubrication ratio takes different exponents based on the permeability of the substrate. For impermeable and permeable substrates, n was found to be in the range of 1.0-1.3 and 0.5-1.0 respectively. The proposed method greatly simplified the initial guess for the disjoining pressure parameter in the numerical simulation as previously there was no possibility of ascertaining the value. This study has shown that it is always possible to predict the value of the lubrication exponent using the first normalising factor which depends on the equilibrium condition. However, the second normalising factor depends on the initial conditions entirely and thus, without precise tracking of the lubrication ratio it is not feasible to suggest a range of n for impermeable/permeable substrates. Overall, the equilibrium stage characteristic parameters is more appropriate since the modified scaling allows prediction of the numerical disjoining parameter with ±5% error. As a future study, more effort is needed for the accurate calculation of the initial droplet profile and shape approximation for volume at each stage of spreading. The hypotheses provided in this work is expected to hold true when the model is extended to include the whole spectrum of spreading, especially the inertial stages when the lubrication ratio is much greater than unity.
